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ABSTRACT
Starting from a metric Ansatz permitting a weak version of Birkhoff’s theorem we find static
black hole solutions including matter in the form of free scalar and p-form fields, with and without
a cosmological constant Λ. Single p-form matter fields permit multiple possibilities, including
dyonic solutions, self-dual instantons and metrics with Einstein-Ka¨lher horizons. The inclusion
of multiple p-forms on the other hand, arranged in a homogeneous fashion with respect to the
horizon geometry, permits the construction of higher dimensional dyonic p-form black holes and
four dimensional axionic black holes with flat horizons, when Λ < 0. It is found that axionic fields
regularize black hole solutions in the sense, for example, of permitting regular – rather than singular
– small mass Reissner-Nordstrom type black holes. Their cosmic string and Vaidya versions are
also obtained.
Contents
1 Introduction and setup 1
2 Free scalar and p-form fields 7
3 Black holes dressed by a single field 9
4 Black holes with Einstein-Ka¨hler horizons 17
5 Shaping black holes with multiple free fields 19
6 Axionic black holes and their extensions 24
7 Thermodynamical properties and phases of the black holes 27
8 Conclusion and outlook 32
1 Introduction and setup
Theorems regarding black hole uniqueness [1] for static and stationary spacetimes respectively, led
Wheeler to his famous conjecture stating that black holes have no hair. The conjecture states, that
apart from charges measured at infinity by a far away observer, no additional degrees of freedom
can describe the black hole geometry (for a review see [2]). We know that in a four dimensional
Einstein-Maxwell theory and for a stationary and asymptotically flat spacetime the only possible
parameters are mass, angular momentum, electric and magnetic monopole charge. The conjecture
questions the extension of this fact to more generic theories and weaker hypotheses. The physical
idea behind this conjecture is that by the time a black hole relaxes into a stationary state it will
have either expelled or eaten up all physical degrees of freedom in its vicinity, leaving only those
corresponding to far-away conserved charges as measured via a Gauss law. This statement – if
true – has important physical consequences. For example, a neutron star described amongst other
things by lepton or baryon number would shave its hair if it were to collapse to a black hole. A black
hole, according to the conjecture, is a rather blunt and bald gravitational object having specific
charges and not allowing additional parameters – primary hair – which are not associated to a
conserved charge, or, secondary hair of no additional parameters but non-trivial fields interacting
with the black hole spacetime. This again means that black holes which can be loosely interpreted
as gravitational solitons (asymptotically well behaved and finite energy objects) would not acquire
excited states provided as additional hair. The real question underlying this conjecture, is under
which hypotheses is the conjecture actually valid, or, in a weaker version, when is it not.
Multiple ways were found of circumventing this conjecture by evading one of the hypotheses of
the black hole theorems or by including some non-trivial matter fields and couplings in between
them. Changing for example the asymptotic properties of the black hole, by implementing a
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cosmological constant, or allowing for non-trivial topology will introduce long distance hair such
as those of an abelian Higgs vortex [3] ending or piercing a black hole. Or again, one could have
non-abelian gauge fields, providing colour for black holes [4] as primary hair or in some cases black
holes embedded in magnetic monopoles [5]. Interestingly, upon coupling conformally a scalar field
to curvature we can have compelling solutions. The BBMB [6] static and spherically symmetric
solution is the closest one can get to a massless scalar-tensor black hole1. The scalar has no
associated charge and the hair is secondary, emerging from the particular conformal coupling of
the scalar field. The spacetime geometry is that of the extremal Reissner-Nordstrom. In fact, as
shown in [7] any departure from extremality leads to a singular geometry. If one now allows for a
cosmological constant the exploding scalar is pushed within the horizon [8] and the solution is a
genuine black hole with secondary hair. Generically however, and in favour of the conjecture if one
asks only for stable black hole solutions, many of the above spacetimes do not pass the test as they
are perturbatively unstable2 [9]. Exceptions include the abelian Higgs vortex and the skyrmion
black hole [11] protected by topological charge.
But what is the situation concerning the dressing of D-dimensional black holes with free p-
form fields beyond the case of electromagnetism? This includes the case of cosmological constant,
multiple scalar fields, three-forms, spacetime filling forms and so on. For a start we expect that
p-forms (at least with p > 1), if allowed to act as monopole charge, will give rise to some conserved
charge at infinity. Hence they will not be classified as hair, at least in the terms given above. They
will however dress the horizon of the black hole often rendering novel horizons or singularities,
sometimes completely changing the properties of the solution. A typical example is that of the
Reissner-Nordstrom geometry where the charge, when lower than mass, creates an inner horizon
completely changing the nature of the central curvature singularity and, for a sufficiently high
charge, a naked singularity. Furthermore the inclusion of p-form matter will also, in some cases,
change the asymptotic properties of the black hole spacetime. In fact we will see that the p-
forms can act as external fields much like the Melvin homogeneous magnetic field dressing the
Schwarzschild black hole [12]. Recently, Emparan et al. [13] argued on the non-existence of static
black holes dressed by a p-form field (with (D + 1)/2 ≤ p ≤ D − 1) assuming the presence of a
static regular horizon and asymptotic flatness. Their argument, later generalized by Shiromizu et
al. [14] to include any p ≥ 3 form field strength under the extra assumption of spherical topology,
does not exclude p-forms carried by horizons with non-spherical topology, nor forbids p-form fields
with distorted asymptotics. In fact, Emparan gave an explicit solution of a three-form dipole as
primary hair for the black ring [15]. One also expects, much like Melvin spacetimes, that the
fall-off properties of the solution will change for higher p-form fields, thus inevitably changing the
asymptotic properties of the black hole. In other words the asymptotic flatness hypothesis is maybe
not adapted to the case of p-form black holes. In this paper we will study the problem of p-form
1Although the geometry is regular the scalar field explodes on the black hole horizon and the black hole interpre-
tation is not clear [2].
2P. McFadden et al. claimed the inverse about the BBMB solution [10] and to our knowledge the question is still
unsettled.
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dressing of static black holes in quite some generality and show a plethora of novel solutions. In
particular, we will exhibit the first static four dimensional black hole with non trivial three-form
(axionic) charge. We will show how axions regularize electrically charged solutions. We will also
see how scalar fields dressing a toroidal horizon, while breaking horizon space symmetries, can
give AdS black hole geometries with flat horizon, but with a lapse function of the form usually
associated with hyperbolic black holes. The scalar fields act as vacuum energy for the horizon
geometry creating an effective cosmological constant as in cosmological self-tuning scenarios [16].
Finally, some of these solutions sporting a negative cosmological constant can have applications to
AdS/CFT and condensed matter applications.
We will complete this introductory section, by presenting our metric Ansatz and reviewing
the vacuum black holes that it contains. Next, in Section 2 we will introduce the matter fields
and adapt them to the spacetime geometry. Black holes dressed by a single matter field will
be discussed in Section 3, while Section 4 will treat the special case of Einstein-Ka¨hler horizons.
When the curvature of the horizon is positive, black holes presented in those sections exist for any
cosmological constant Λ, otherwise they are AdS black holes. We will then discuss in Section 5 the
black holes with multiple p-form matter fields. This possibility relies on the presence of a negative
cosmological constant, and the particular case of axionic black holes will be analyzed in details in
Section 6. The thermodynamics of these black holes is left for Section 7, while concluding remarks
will be provided in Section 8.
An Ansatz for static black holes. It is well-known that in four spacetime dimensions, in
presence of a negative cosmological constant, the topological censorship theorems can be evaded and
asymptotically locally anti-de Sitter black holes with flat or hyperbolic horizons can be constructed.
Upon compactification, arbitrary topology event horizons can be constructed [17, 18], at the cost
of having a non-trivial topology at spatial infinity [19]. These black holes, usually referred to as
topological black holes, are easily generalized to higher dimensions [20], and stem from the existence
of solutions with extended event horizons, whose intrinsic geometry is flat or hyperbolic in four
dimensions, or more generally an Einstein manifold when D > 4.
A convenient and quite general starting point for the study of such metrics is the following
warped ansatz,
ds2 = −2e2ν(u,v)B(u, v)− nn+1du dv +B(u, v) 2n+1σij(y)dyidyj , (1)
where we have used light-cone coordinates (u, v) and have defined D = n + 3 for convenience,
with n ≥ 1. The metric is time-dependent, parameterized by two independent functions ν(u, v)
and B(u, v), while σij(y) is an arbitrary Riemannian signature metric of some smooth (n + 1)-
dimensional transverse manifold H. This metric includes all static metrics, and also all topological
black holes. As discussed recently in the context of Einstein Gauss-Bonnet gravity in vacuum [21]
and in the presence of p-forms [22], such a class of metrics obeys a weak version of Birkhoff’s
staticity theorem stating the existence of a local timelike Killing vector field. The four dimensional
version of (1) (without a negative cosmological constant) gives us the usual uniqueness theorem of
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Birkhoff: the only asymptotically flat spherically symmetric solution of general relativity is given
by the Schwarzschild geometry3 The generalization of the Schwarzschild black hole to Einstein
Gauss-Bonnet gravity was found by Boulware and Deser [23], whereas Wiltshire [24], was first to
demonstrate the relevant Birkhoff theorem. This result is true even in the presence of matter, as
long as the energy-momentum tensor obeys the condition (see also [25]),
Tuu = Tvv = 0. (2)
Using the uu and vv components of Einstein’s equations one reduces (1) without further hypothesis
to the well known metric
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2σij(y)dy
idyj , (3)
where V (r) and σij(y) are to be determined by the remaining field equations.
The Ricci tensor associated to this geometry is
Rtt = −V 2Rrr = 1
2
V V ′′ +
n+ 1
2r
V V ′ =
V
2rn+1
(
rn+1V ′
)′
, (4)
Rij = Rij − (rV ′ + nV )σij = Rij − 1
rn−1
(rnV )′ σij, (5)
with Rij the Ricci tensor of the manifold H, obtained from its intrinsic metric σij. Given a negative
cosmological constant
Λ = −(D − 1)(D − 2)
2ℓ2
= −(n+ 2)(n + 1)
2ℓ2
, (6)
and no extra matter fields, Einstein’s equations read
Rµν = −n+ 2
ℓ2
gµν . (7)
By (4), the tt and rr components of these equations are proportional to each other, and solved by
the potential
V (r) = κ− r
n
0
rn
+
r2
ℓ2
, (8)
with κ and r0 two integration constants. Then, the ij components reduce to [18, 20]
Rij = nκσij, (9)
and require H to be an Einstein space, with curvature set by κ. These solutions possess an
event horizon as long as r0 is large enough, and describe the geometry of topological black holes
[17, 18, 20]. When κ ≤ 0, the negative cosmological constant is crucial to have an event horizon
hiding the central singularity.
On the other hand, if the Einstein manifold H is of positive curvature (κ > 1), the solution
survives as a black hole when the cosmological constant is continued to Λ = 0 or Λ > 0. In the
former case, when H = Sn+1 with the usual unit round metric and
V (r) = κ− r
n
0
rn
, (10)
3In this paper when we refer to Birkhoff’s theorem we will always refer to its generalized weaker version.
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we recover the generalization of the Schwarzschild black hole to higher dimensions obtained by
Tangherlini [26]; for any other compact Einstein manifold satisfying (9) with κ > 0, it yields a
generalized Schwarzschild-Tangherlini black holes [27]. For example, following [28], one can keep
H of spherical Sn+1 topology, but endowed with an inhomogeneous Bo¨hm metric [29], at least for
4 ≤ n ≤ 8. Another possibility, with different topology, is to take H to be a product of spheres
carrying a κ > 0 Einstein metric. The same construction works with positive cosmological constant,
giving de Sitter black holes with
V (r) = κ− r
n
0
rn
− r
2
ℓ2
. (11)
The only difference comes from the presence of a cosmological horizon, that restricts the range of
the r0 parameter for which the de Sitter universe contains a black hole. The reader should keep in
mind that, whenever we discuss AdS black holes with κ > 0, it is possible to continue the solution
to Λ ≥ 0 and obtain a matching asymptotically locally flat/de Sitter black hole, with same H
and matter fields. This is is true in particular for the κ > 0 solutions displayed in Section 3 and
Section 4, although we shall not emphasize this possibility each time for concision’s sake.
The question we shall investigate in the rest of this article is, to what extent matter fields can
dress these solutions, obtaining static black holes with metric of the form (3).
An ansatz for the stress tensor of the external matter fields, and its effect on the
geometry. In this article, we are interested in geometries that can be kept in the form (3), even
as matter fields are included. As explained above, this means that the total stress tensor Tµν must
satisfy (2) in light-cone coordinates, thus admitting the aforementioned weak version of Birkhoff’s
theorem. In the tr coordinates, this is rephrased into the matter tensor satisfying conditions Ttr = 0
and Ttt+V
2Trr = 0. It is well known that the energy-momentum tensor of a Maxwell field satisfies
this condition whereas, as we will see, radially or time dependent scalars do not. In fact, radially
dependent scalars lead to singular solutions, whereas the matter contraint we impose here, filters
these away and points towards black hole geometries. In this sense, the matter constraint we impose
is physically motivated and a sensible regularity constraint. Moreover, we do not want to bring
into play any additional privileged vectors or tensors, other than those coming from the particular
foliation introduced by the metric ansatz. We will refer hereafter to this property as ‘isotropy’ of the
stress tensor. Finally we require that the stress tensor cannot be used to distinguish different points
on H, that is, the total distribution of stress tensor is ‘homogeneous’4. Under those assumptions,
it follows that the stress tensor is fully determined by two functions of r only – that we name ǫ(r)
and P (r) – and assumes the general diagonal form
Tµν =
1
16πGrn+1


V (r)ǫ(r)
−ǫ(r)/V (r)
r2P (r)σij

 . (12)
4This is not to be confused with the (in-)homogenity of the metric σij carried by H.
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With such a source, Einstein’s equations in presence of the cosmological constant Λ,
Gµν + Λgµν = 8πGTµν (13)
reduce to the system,
(
rn+1V ′
)′
=
2(n + 2)
ℓ2
rn+1 +
n− 1
n+ 1
ǫ(r) + P (r), (14)
Rij = 1
rn−1
[
(rnV )′ − n+ 2
ℓ2
rn+1 +
ǫ(r)
n+ 1
]
σij . (15)
Since both the metric σij and the Ricci tensorRij ofH depend only on the transverse yi coordinates,
the proportionality factor must be a constant, that we dub nκ,
(rnV )′ − n+ 2
ℓ2
rn+1 +
ǫ(r)
n+ 1
= nκrn−1, (16)
and therefore H is an Einstein manifold, satisfying (9). Equation (16) can be integrated to obtain
the lapse function,
V (r) = κ− r
n
0
rn
+
r2
ℓ2
− 1
rn
∫
ǫ(r)
n+ 1
dr, (17)
with r0 an integration constant of the dimensions of a length, and the remaining equation (14),
equivalent to the conservation of the stress tensor, is
ǫ′(r) +
n+ 1
r
P (r) = 0. (18)
As long as this equation holds, the metric (3) with lapse function (17) and H an Einstein manifold
(9) solves Einstein’s equations sourced by (12). In the rest of the paper, we will show how stress
tensors of this form can be obtained with various combinations of free fields. We will then conclude
by studying simple properties they enjoy.
Notation and conventions: in what follows, we shall consider static D-dimensional spacetimes
with metric gµν , and define n = D − 3 for convenience. Spacetime indices are denoted by Greek
letters µ, ν, . . .. Constant time and radial coordinate sections of dimension n + 1 are denoted H
and have induced metric σij . Latin indices i, j, . . . are tangent to these submanifolds. Latin indices
a, b, . . . are used to label single factors of H when the latter takes the form of a direct product
H = H(a1) × · · · ×H(am), with the induced metric on the factors given by σ(ak)ij . The volume forms
of the spacetime and of the sections H are given by ǫ and ǫˆ respectively. Finally, we will consider
form fields strength H[p] = dB[p−1] of rank p in the matter sector, dropping the index [p] when it
is obvious.
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2 Free scalar and p-form fields
To minimally couple a free p-form field strength H[p] = dB[p−1] to the gravitational field, we start
with the Einstein-Hilbert action
S0 =
1
16πG
∫
dDx
√−g (R− 2Λ) , (19)
and add a matter term of the form,
SM = − 1
16πG
∫
dDx
√−g 1
2p!
H2[p]. (20)
The equations of motion and the Bianchi identity for H[p] read
∇µHµν1...νp−1 = 0, ∇[µHν1...νp] = 0, (21)
and its stress tensor is given by
Tµν =
1
16πG(p − 1)!
(
Hµρ1...ρp−1Hν
ρ1...ρp−1 − 1
2p
H2gµν
)
. (22)
Imposing the constraints (2) on such a stress tensor, we observe that the relation Ttt + V
2Trr = 0
reduces to a sum of squares. This implies in turn that the components of the field with all but one
leg on the H directions have to vanish,
Hti1...ip−1 = Hri1...ip−1 = 0. (23)
Note that for free scalars (p = 1), this condition is saying that the fields are independent of
r and t coordinates. This is not too surprising, scalar fields generically excite radial breather
modes breaking Birkhoff’s theorem and simple counterexamples are known (see for example [30]).
Accordingly, here we see that when they depend only on the horizon coordinates they do not break
Birkhoff’s theorem. Then, equations (21) are solved by
Htri1...ip−2 =
1
rn−2p+5
Ei1...ip−2(y), Hi1...ip = Bi1...ip(y). (24)
Using the internal metric σij to raise and lower the indices of the tensors E and B, we have
Htri1...ip−2 = − 1
rn+1
E i1...ip−2(y), H i1...ip = 1
r2p
Bi1...ip(y). (25)
Here, E and B are rank p− 2 and rank p form fields on H respectively, such that
∂i1
(√
σE i1...ip−2) = 0, ∂[jEi1...ip−2] = 0, (26)
∂i1
(√
σBi1...ip) = 0, ∂[jBi1...ip] = 0. (27)
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These harmonic forms define the polarization on H of the electric and magnetic parts of the field
H and, as we shall show in Section 7, they correspond to the conserved charges associated to the
field H. The associated stress tensor has components
Ttt = −V 2Trr = V
16πG
( E2
2(p − 2)!r2n−2p+6 +
B2
2p!r2p
)
, (28)
Tij =
1
16πG
[
− 1
(p− 3)!r2n−2p+4
(
Eik1...Ejk1... −
1
2(p− 2)E
2σij
)
+
1
(p− 1)!r2p−2
(
Bik1...Bjk1... −
1
2p
B2σij
)]
. (29)
To obtain a stress tensor of the form (12), the component Ttt cannot depend on the transverse
coordinates yi. When 2p 6= n + 3, this implies that E2 and B2 must be constants, but in the
2p = n + 3 case the electric and magnetic terms scale with the same power of r, and only the
constancy of B2+p(p−1)E2 follows. Therefore, the invariants E2 and B2 could in principle depend
on the coordinates yi on H, as long as these dependencies cancel. This would on the other hand
violate our homogeneity hypothesis (or, equivalently, we could construct two vectors ∇ˆiE2 and
∇ˆiB2 that break isotropy). Hereafter, we shall simply assume that both E2 and B2 are constants,
for any p. Then, we can read the energy density ǫ(r) from Ttt,
ǫ(r) =
E2
2(p − 2)!rn−2p+5 +
B2
2p!r2p−n−1
, (30)
and define a pressure by P (r) = 16πGTijσ
ijrn−1/(n + 1),
P (r) =
1
n+ 1
(
n− 2p + 5
2(p − 2)!rn−2p+5E
2 +
2p− n− 1
2p!r2p−n−1
B2
)
. (31)
These quantities satisfy automatically the conservation equation (18). The last constraint to obtain
a stress tensor of the form (12) comes from the isotropy and homogeneity on H, which imposes,
when 2p 6= n+ 3,
Eik...Ejk... = E
2
n+ 1
σij, Bik...Bjk... = B
2
n+ 1
σij. (32)
Again, when the spacetime dimension is even and 2p = n+3, the r-dependence of the electric and
the magnetic parts of Tij coincide, and the isotropy constraint is weakened,
Bik...Bjk... − B
2
n+ 1
σij = (p − 1)(p − 2)
(
Eik...Ejk... − E
2
n+ 1
σij
)
. (33)
In this case, we will see that dyonic solutions exist. Observe that one can define a new rank
two anti-symmetric tensor for dyonic solutions, as the contraction of the electric and magnetic
polarization forms, Aij = Bijk1...kp−2Ek1...kp−2 . Potentially, Aij could break isotropy. As we will see,
it turns out that electric and magnetic fluxes of dyonic solutions are carried by orthogonal spaces
and Aij vanishes, unless H is a direct product of two-dimensional spaces, in which case Aij can be
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proportional to the volume forms of these two-dimensional spaces, without introducing additional
privileged directions. Finally, note that the trace part of equation (33) is automatically verified.
Once two forms E and B solving equations (26), (27) and (32) or (33) are given, we obtain in
this way a solution of the gravitational equations coupled to the p-form field strength. We shall not
attempt a full classification of the possible solutions, but content ourselves to construct the simplest
solutions out of the natural tensors that are available on H. If no extra structure is present, the
only anti-symmetric tensor of H that can be used is the volume form ǫˆ on H, but if the transverse
space is a Ka¨hler space, we can build the polarization vectors out of the Ka¨hler forms too. We will
start doing so with one single form field, and then extend the construction in cases where multiple
form fields H
(i)
[p] are available.
3 Black holes dressed by a single field
When the rank of the form E or B is equal to the dimension of H, the isotropy condition (32)
is easily met by taking the corresponding form to be proportional to the volume form on H. In
addition, the volume form automatically satisfies equations (26) or (27). Denoting the volume form
on H by ǫˆ[n+1], we can have a non-vanishing E = qeǫˆ[n+1] when p = n + 3, giving an electrically
charged solution, and a non-vanishing B = qmǫˆ[n+1] when p = n+1, yielding a magnetically charged
solution.
Electric p = 2 solutions, for any n: this is simply Einstein-Maxwell theory with Λ < 0, and
the electric field, being E a 0-form, can be turned on for any n without breaking isotropy. Taking
E = qe one can directly apply the previous results to obtain the Reissner-Nordstrom-AdS solution,
V (r) = κ− r
n
0
rn
+
r2
ℓ2
+
q2e
2n(n+ 1)r2n
, Htr =
qe
rn+1
. (34)
Magnetic p = n+ 1 = D − 2 solution: this is dual to an electric two-form, and the solution is
the dual of the electrically charged Reissner-Nordstrom-AdS solution in Einstein-Maxwell theory,
V (r) = κ− r
n
0
rn
+
r2
ℓ2
+
q2m
2n(n+ 1)r2n
(35)
Bi1...in+1 = qmǫˆi1...in+1 , Hi1...in+1 = qmǫˆi1...in+1 . (36)
Dyonic solution for p = 2, n = 1: in four dimensions, the electric and magnetic fields of
the previous two solutions can be combined in a single two-form field strength. This is again the
familiar Reissner-Nordstrom-AdS solution in four dimensions, carrying both electric and magnetic
charge,
V (r) = κ− r0
r
+
r2
ℓ2
+
q2e + q
2
m
4r2
, Htr =
qe
r2
, Hij = qmǫˆij. (37)
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Electric p = n + 3 = D solution: in this case H is a spacetime filling field strength, and acts
therefore as a cosmological constant. The solution is
V (r) = κ− r
n
0
rn
+
r2
ℓ2
(
1− q
2
eℓ
2
2(n + 1)(n + 2)
)
, (38)
Ei1...in+1 = qeǫˆi1...in+1 , Htri1...in+1 = qern+1ǫˆi1...in+1 . (39)
By tuning the electric charge qe, it is possible to cancel completely the cosmological constant
term from the lapse function, and obtain the Schwarzschild-Tangherlini solution [26] when κ = 1.
Then the solution is asymptotically flat because the spacetime filling field strength also acts as a
cosmological constant and cancels the effect of Λ on the spacetime geometry.
Products of Einstein spaces with simple fluxes: suppose now that H is the direct product of
N Einstein spaces H(a), with induced metrics σ(a)ij and Ricci tensors R(a)ij , such that R(a)ij = κ(a)σ(a)ij .
Suppose that all κ(a) agree to a value that we will conventionally denote nκ, n + 1 being the sum
of the dimensions of the H(a)’s. Then the direct product H is also an Einstein space verifying (9).
This opens up the possibility of having fluxes of p-form field strengths with a larger spectrum of
ranks p.
Indeed, suppose the theory contains a p-form field H[p]. As we have seen, it is defined by two
polarization forms E and B, of ranks p − 2 and p respectively. If all H(a) factors have the same
dimensionality d (and hence Nd = n + 1), we can turn on magnetic or electric fluxes of H[p] on
every single Einstein space factor of H when p = d or p = d+ 2 respectively, as follows.
Consider the magnetic case first. Suppose H is the direct product of N p-dimensional Einstein
manifolds; therefore n = Np− 1. Each of these H(a) supports its own volume form ǫˆ(a)[p] . Then,
B[p] = qm
N∑
a=1
±ǫˆ(a) (40)
solves5 equations (27) and (32) as long as p ≥ 2 (we need at least two legs in the epsilons to solve
(32), otherwise single terms in B[p] mix and spoil the isotropy) and yields a genuine solution in
D = Np+ 2 dimensions, with
ǫ =
Nq2m
2r(2−N)p
, P =
2−N
2
q2m
r(2−N)p
, (41)
and hence
V (r) = κ− r
n
0
rn
+
r2
ℓ2
− q
2
m
2p(Np− 2p+ 1)
1
r2(p−1)
. (42)
For N = 1, we recover the previous magnetic p = n+1 solution (35). Notice that, when N ≥ 2 the
contribution of the p-form field to the lapse function changes sign and is always negative, meaning
that there are regular black hole solutions even with r0 = 0. However, in this case, the falloff of this
5The equations constrain the magnitude of the flux to be equal on every single factor of the product of Einstein
spaces, but leaves free the relative orientations, hence the arbitrary signs in (40).
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term at large r is slower than that of the mass term, and modifies the local asymptotic structure
of the spacetime. Effectively, it behaves as a lower dimensional mass term.
As a simple illustration of this construction, consider Einstein-Maxwell theory in D = 6 dimen-
sions. Then one has black hole solutions with S2 × S2 horizon, carrying magnetic flux through
both spheres,
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2
(
dθ21 + sin
2 θ1 dφ
2
1
)
+ r2
(
dθ22 + sin
2 θ2 dφ
2
2
)
, (43)
F = qm (sin θ1 dθ1∧dφ1 ± sin θ2 dθ2∧dφ2) , V (r) = 1
3
− r
3
0
r3
+
r2
ℓ2
− q
2
m
4r2
. (44)
This magnetically charged solution first appeared in [31]. Let us switch off momentarily the cos-
mological constant for simplicity and without loss of generality. By a convenient rescaling of
coordinates, ρ =
√
3r, we see that the S2 × S2 horizon gives rise to a five-dimensional ‘cone’ over
S2 × S2 with a solid angular deficit on the spheres6
dC2 = dρ2 +
ρ2
3
(
dθ21 + sin
2 θ1 dφ
2
1
)
+
ρ2
3
(
dθ22 + sin
2 θ2 dφ
2
2
)
. (45)
Its uncharged Taub-NUT version has been used to construct higher dimensional gravitational
monopoles [32]. This asymptotically conical space was shown to have a ‘balloon’ type instabil-
ity [33] where one of the spheres inflates at the expense of the other. The solid angular deficit is
provided by the 1/3 value of the curvature term in the lapse function of (43). As a result each
sphere has a reduced area of 4πr2/3 rather than 4πr2. This is a typical property characterizing
gravitational monopole solutions [34] which we will encounter in all the solutions of this section. A
slightly more complicated example with a free three-form field strength living in eight dimensions,
is given by a black hole solution with S3 × S3 horizon topology of the form
ds2 = −V dt2+dr
2
V
+r2
(
dθ21 + sin
2 θ1 dφ
2
1 + cos
2 θ1 dψ
2
1
)
+r2
(
dθ22 + sin
2 θ2 dφ
2
2 + cos
2 θ2 dψ
2
2
)
, (46)
with
H =
qm
2
(sin 2θ1 dθ1∧dφ1∧dψ1 ± sin 2θ2 dθ2∧dφ2∧dψ2) , V (r) = 2
5
− r
5
0
r5
+
r2
ℓ2
− q
2
m
6r4
. (47)
The area of each three-sphere is now reduced by the factor 2/5 appearing in the lapse function
of the black hole and the asymptotic space is therefore conical. In fact, it is interesting to note
that for manifolds of the same topology, Sa × Sb, with a, b ≥ 2 and 5 ≤ a + b ≤ 9, infinitely
many inhomogeneous metrics where shown to exist by Bo¨hm [29]. Black holes with Bo¨hm type
horizons were studied in [27] where a balloon type instability was also encountered. The instability
of horizons of this type is therefore quite generic and it is natural to question the fate of such an
instability in the presence of magnetic charge. One could argue rather loosely that the magnetic
6It is interesting to note that, since S2 × S2 is not a homogeneous space, the geometry has a true curvature
singularity at its apex ρ = 0. However, going back to (43), this central singularity is hidden by a regular horizon due
to the charge qm, even if r0 = 0.
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charge may render rigid the horizon spheres. We can understand intuitively the difference in-
between the mass and charge terms in the black hole potential simply by observing that the
three-forms source a stringlike object rather than a pointlike mass term, r0. The space H can
be exchanged with products of Rp spaces or Hp spaces with obvious modifications to H and V .
Higher dimensional examples can be worked out trivially out of the general form (40) and (42) of
the solution.
The electric case goes in the same way. Take H to be the direct product of N (p−2)-dimensional
Einstein spaces of same curvature, and put an equal electric flux of H[p] through each of the H(a)’s.
Again, to verify the isotropy condition (32) we need p ≥ 4, and then we obtain
Ei1...ip−2 = qe
N∑
a=1
±ǫˆ(a)i1...ip−2 , ǫ =
Nq2e
2r(N−2)p−2N+4
(48)
V (r) = κ− r
n
0
rn
+
r2
ℓ2
+
q2e
2(p− 2)((N − 2)(p − 2)− 1)
1
r2(N−1)(p−2)−2
. (49)
The charge contribution to V is negative for N < 3 and positive otherwise. When N = 1, this is
the electric p = n+3 solution of equation (38). For N = 2 these solutions are dual to the previous
magnetic solutions (42), with a rank p′ = p − 2 field strength form, given in (40). On the other
hand, if one dualizes this solution with N ≥ 3, the resulting magnetic flux is not carried by a single
Einstein space factor, but by a subset of them. This brings us to the next class of solutions.
Products of Einstein spaces with composite fluxes: if the flux of B or E is not carried by a
single H(a), but by two or more of them, the construction works the same, even if the dimension of
H is not an integer multiple of the rank of the flux. Let d ≥ 2 be the dimension of the elementary
spaces H(a), and the rank p of B an integer multiple of it, p = md. For any choice of m elementary
spaces H(a1) × · · · × H(am), we have a volume p-form ǫˆ{a} = ǫˆ(a1)∧ . . .∧ǫˆ(am) and we can define a
flux
B{a}i1...ip = qm
p!
(d!)m
ǫˆ
(a1)
[i1...id
ǫˆ
(a2)
id+1...i2d
· · · ǫˆ(am)ip−d+1...ip]. (50)
Here, with {a} = {a1, . . . , am} we denote an ordered set of m integers 1 ≤ a1 < . . . < am ≤ N ,
corresponding to a choice of m out of the N elementary spaces H(a). Such a flux breaks isotropy,
because it picks m privileged elementary spaces, but it can be restored by summing over all possible
choices of the m elementary spaces among the N available, with same charge magnitude |qm|,
Bi1...ip =
∑
{a}
B{a}i1...ip = qm
p!
(d!)m
∑
{a}
±ǫˆ(a1)[i1...id ǫˆ
(a2)
id+1...i2d
· · · ǫˆ(am)ip−d+1...ip]. (51)
This solves (32), and one therefore finds a magnetically charged solution. The orientation of the
single fluxes remains arbitrary, but their strengths must match. A simple combinatorial calculation
shows that with such a magnetic field we have
B2 = p!N !
m!(N −m)!q
2
m. (52)
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The geometry of this magnetically charged black hole is hence given by (3), with the lapse function
(a logarithm appears when 2p = n+ 2),
V (r) = κ− r
n
0
rn
+
r2
ℓ2
+
N !
2(n+ 1)(2p − n− 2)m!(N −m)!
q2m
r2p−2
, (53)
κ being determined by the relation (9) on H.
A simple example of this construction is in eight dimensions, with H = S2 × S2 × S2 and a
p = 4 form field strength. Then, from (51), we have the field strength
H = qm
(
ǫˆ(1)∧ǫˆ(2) ± ǫˆ(2)∧ǫˆ(3) ± ǫˆ(1)∧ǫˆ(3)
)
. (54)
Choosing coordinates such that
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2
(
dθ21 + sin
2 θ1 dφ
2
1 + dθ
2
2 + sin
2 θ2 dφ
2
2 + dθ
2
3 + sin
2 θ3 dφ
2
3
)
, (55)
we have a solution with
H = qm (sin θ1 sin θ2 dθ1∧dφ1∧dθ2∧dφ2 V (r) = 1
5
− r
5
0
r5
+
r2
ℓ2
+
q2m
4r6
,
± sin θ2 sin θ3 dθ2∧dφ2∧dθ3∧dφ3
± sin θ3 sin θ1 dθ3∧dφ3∧dθ1∧dφ1) . (56)
The extension of this construction for electric fluxes is straightforward. Let H[p] be a p-form
field of the form (24), with purely electrical components, defined by a rank p− 2 polarization form
E . Now the dimension d ≥ 2 of the elementary spaces H(a) must be an integer divisor of p − 2,
so that p = md + 2. Again, any choice of m elementary spaces H(a1) × · · · × H(am) can carry the
electric flux defined by
E{a}i1...ip−2 = qe
(p− 2)!
(d!)m
ǫˆ
(a1)
[i1...id
ǫˆ
(a2)
id+1...i2d
· · · ǫˆ(am)ip−d−1...ip−2], (57)
with {a} = {a1, . . . , am} defining the selection of elementary spaces H(a) as before. Again, we
restore isotropy by summing over all possible choices of the m elementary spaces among the N
available, with same charge magnitude |qe|,
Ei1...ip−2 =
∑
{a}
E{a}i1...ip−2 = qe
(p− 2)!
(d!)m
∑
{a}
±ǫˆ(a1)[i1...id ǫˆ
(a2)
id+1...i2d
· · · ǫˆ(am)ip−d−1...ip−2]. (58)
This solves (32) with
E2 = (p− 2)!N !
m!(N −m)!q
2
e . (59)
and yields an electrically charged solution whose geometry is given by the metric (3) and the lapse
function (a logarithm appears when 2p = n+ 4),
V (r) = κ− r
n
0
rn
+
r2
ℓ2
+
N !
2(n + 1)(n− 2p + 4)m!(N −m)!
q2e
r2n−2p+4
, (60)
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κ being determined by the relation (9) on H as usual. The dual of this solution, electrically charged
under a p = md+ 2 form field strength, is a black hole that is magnetically charged under a dual
rank p′ = D − p = m′d field strength, with m′ = N −m and charge qm = qe. This is precisely the
solution given by equations (51) and (53). In the particular case m = N − 1, the dual reduces to
the magnetic solution with simple fluxes given in equations (40) and (42).
The previous eight-dimensional example with an Einstein space of the form H = S2×S2×S2,
can be extended to the electric case, with the same p = 4 form field strength. The resulting D = 8
black hole has metric (55) with
V (r) =
1
5
− r
5
0
r5
+
r2
ℓ2
+
q2e
4r6
, (61)
and a field strength
H =
qe
r2
dt∧dr∧ (sin θ1 dθ1∧dφ1 + sin θ2 dθ2∧dφ2 + sin θ3 dθ3∧dφ3) . (62)
It so happens that in this case, both electric and magnetic solutions, are built out of the same
four-form field strength and this opens the door to dyonic solutions. We shall investigate these
solutions in the next paragraph.
Another important observation is that for composite spaces of dimension d = 1, the construction
presented here fails. In Section 5 we will show how to modify this construction by introducing more
independent fields, in such a way that all field equations can be satisfied simultaneously when H is
the direct product of d = 1 dimensional spaces.
Dyonic black holes on products of two-dimensional Einstein spaces: In the construction
above, we saw how to turn on electric or magnetic fluxes in N -fold products of Einstein manifolds
of dimension d. In particular, the resulting black holes can be electrically charged if p − 2 is an
integer multiple of d, and magnetically charged if p is an integer multiple of d. Hence when d = 2,
we can simultaneously turn on both magnetic and electric fluxes of an even p-form field if N > p/2,
and the total field will simply be given by the sum of the electric and magnetic parts7. Then, the
dyonic black hole solution is easily obtained by superposing the solutions of the previous paragraph
and takes the form (3) with (defining m = p/2),
V (r) = κ− r
n
0
rn
+
r2
ℓ2
+
N !
2(n + 1)m!(N −m)!
(
1
(2p− n− 2)
q2m
r2p−2
+
1
(n− 2p + 4)
q2e
r2n−2p+4
)
, (63)
H = qm
∑
{a}
±ǫˆ(a1)∧ . . .∧ǫˆ(am) + qe
rn−2p+5
∑
{a}
±dt∧dr∧ǫˆ(a1)∧ . . .∧ǫˆ(am−1). (64)
One might wonder whether these dyonic solutions could enjoy (anti-)self-duality properties
when D = 2p. In this case, N = p− 1 and the dimensionality of the spacetime must be a multiple
of four, D = 4m. The previous solution simplifies to
V (r) = κ− r
n
0
rn
+
r2
ℓ2
+
(p− 2)!
m!(m− 1)!
q2e + q
2
m
4rn+1
, (65)
7The other possibility d = 1 requires a flat H and is analyzed in the section 5.
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H = qm
∑
{a}
±ǫˆ(a1)∧ . . .∧ǫˆ(am) + qe
r2
∑
{a}
±dt∧dr∧ǫˆ(a1)∧ . . .∧ǫˆ(am−1). (66)
It can be readily checked that no choice of the relative signs can yield fields enjoying (anti-)self-
duality properties in the Lorentzian signature. On the other hand, the associated Euclidean in-
stanton, obtained by Wick rotating both time and electric charge is self-dual, provided the charges
are equal in absolute value (i.e. taking qe = −iqm, with qm real) and all signs are taken to be
equal. This condition enforces q2e + q
2
m = 0 so that the function V (r) coincides with the vacuum
one (8). These instantons have the same vacuum AdS-bolt geometry as the Euclidean AdS black
holes, but with non-trivial fields H. The latter have vanishing stress tensor and do not back react
on the metric; they act as stealth fields.
Let us show how this works by writing down the simplest example, with H = S2×S2×S2 and
a p = 4 form field strength. It is obtained by superposing the two eight-dimensional examples of
the previous paragraph. The metric is given by (55), with lapse function
V (r) =
1
5
− r
5
0
r5
+
r2
ℓ2
+
q2e + q
2
m
4r6
, (67)
and the total field strength reads
H =
qe
r2
sin θ1 dt∧dr∧dθ1∧dφ1 + qm sin θ2 sin θ3 dθ2∧dφ2∧dθ3∧dφ3
+
qe
r2
sin θ2 dt∧dr∧dθ2∧dφ2 + qm sin θ3 sin θ1 dθ3∧dφ3∧dθ1∧dφ1
+
qe
r2
sin θ3 dt∧dr∧dθ3∧dφ3 + qm sin θ1 sin θ2 dθ1∧dφ1∧dθ2∧dφ2. (68)
Now, analytically continue both the time and the electric charge to imaginary values, and impose
qe = −iqm, to obtain an Euclidean solution with real components for the form field,
ds2 = V (r)dτ2 +
dr2
V (r)
+ r2
(
dθ21 + sin
2 θ1 dφ
2
1 + dθ
2
2 + sin
2 θ2 dφ
2
2 + dθ
2
3 + sin
2 θ3 dφ
2
3
)
,
V (r) =
1
5
− r
5
0
r5
+
r2
ℓ2
, (69)
and the total field strength reads
H =
qm
r2
sin θ1 dτ∧dr∧dθ1∧dφ1 + qm sin θ2 sin θ3 dθ2∧dφ2∧dθ3∧dφ3
+
qm
r2
sin θ2 dτ∧dr∧dθ2∧dφ2 + qm sin θ3 sin θ1 dθ3∧dφ3∧dθ1∧dφ1
+
qm
r2
sin θ3 dτ∧dr∧dθ3∧dφ3 + qm sin θ1 sin θ2 dθ1∧dφ1∧dθ2∧dφ2. (70)
The topology of the Euclidean section is R2×S2 ×S2 ×S2 with a bolt at the largest root of (69).
Again each sphere S2 has reduced area given by 4πr2/5. The geometry is the same as the vacuum
solution geometry, but there is an additional real self-dual H field turned on, verifying ⋆H = H.
In the next paragraph we shall look more closely to such Euclidean instantons.
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Self-dual euclidean instantons for 2p = n + 3: the reason why (33) is not easily solved in
Lorentzian signature when both the electric and magnetic parts of the field are switched on is the
presence of an extra minus sign sitting in front of the terms quadratic in E . It comes from the
contractions in the time directions, and is usually an obstruction to Lorentzian dyonic solutions
with a single field. However, if we choose to work with euclidean signature, starting with the metric
ds2 = V (r)dτ2 +
dr2
V (r)
+ r2σij(y)dy
idyj , (71)
and the field H[p] given by (24), the extra sign in the first equation in (25) disappears, and the
isotropy condition (33) becomes
Bik...Bjk... − B
2
n+ 1
σij = −(p− 1)(p − 2)
(
Eik...Ejk... − E
2
n+ 1
σij
)
. (72)
We already found occurrences of such instantons in the previous paragraph, when the space H
is the direct product of two dimensional spaces. Here we obtain new instantons with a different
construction.
Take H to be the direct product of two Einstein manifolds H(1) and H(2) of dimensions p − 2
and p respectively, such that H is itself an Einstein manifold satisfying (9). This is met if the
metrics σ
(1)
ij and σ
(2)
ij and the Ricci tensors R(1)ij and R(2)ij of H(1) and H(2) are related by
R(1)ij = nκσ(1)ij , R(2)ij = nκσ(2)ij . (73)
Then, using the volumes form ǫˆ(1) and ǫˆ(2) on H(1) and H(2), we can generate on them an electric
and a magnetic flux respectively, by taking,
E = qeǫˆ(1), B = qmǫˆ(2). (74)
By construction, these satisfy (26) and (27), and it is easy to verify that if qe = qm = q, also (72)
holds. A simple manipulation shows that for such a field the stress tensor vanishes everywhere,
Tµν = 0.
The fieldH[p] does not back react on the metric, and acts as a stealth field. As a consequence, the
geometry of these instantons coincides with the euclidean section of the vacuum AdS solutions with
non-trivial topology: they have metric (3) with lapse function (8). Note however that, when this
solution is Wick rotated back to the Lorentzian signature, the electric charge becomes imaginary.
Finally, it is straightforward to check that the field strength of these solutions is self-dual, in
the sense that,
Hµ1...µp =
1
p!
Hν1...νp ǫˆ
ν1...νp
µ1...µp , (75)
where ǫˆ = rn+1dτ∧dr∧ǫˆ(1)∧ǫˆ(2) is the natural volume form of the euclidean space. When the rank
p is even (and therefore the dimension of the space a multiple of four) and qe = qm, this solution
is self-dual, H = ⋆H.
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As a simple example, we show the D = 8 instanton with p = 4 and transverse spaceH = S2×S4,
with the relative radii of the spheres being chosen such that H is an Einstein space. The solution
is self-dual and reads,
ds2 = V (r)dτ2 +
dr2
V (r)
+ r2dΩˆ2(2) + 3r
2dΩˆ2(4) (76)
H =
q
r2
dτ∧dr∧ǫˆ[2] + 9q ǫˆ[4], V (r) =
1
5
− r
5
0
r5
+
r2
ℓ2
, (77)
where dΩˆ2(2) and dΩˆ
2
(4) are the line elements of the unit S2 and of the unit S4 respectively, and ǫˆ[2]
and ǫˆ[4] the corresponding volume elements. The instanton has a solid deficit angle as that present
in gravitational monopole solutions [34], without however a conical singularity since r ≥ rh such
that V (rh) = 0.
4 Black holes with Einstein-Ka¨hler horizons
If the spacetime is even dimensional, and the Einstein manifold H is also a Ka¨hler space, there
is an extra two form, the Ka¨hler form ω. This form is harmonic, and so are the forms ω(m) of
rank 2m obtained by taking the exterior product of ω with itself m times (1 ≤ m ≤ k, with the
dimension of H being 2k = n+1). The two-form ω also defines an almost complex structure on H
and therefore meets by definition the isotropy condition (32). As a consequence, all ω(m) verify it,
and we have a set of k isotropic, harmonic forms on H that can be used to build solutions along
the lines of what was done in the previous section with the volume form. Note that the maximum
rank form ω(k) is proportional to the volume form on H.
Magnetic Einstein-Ka¨hler black hole: consider a theory with an even p form with 2 ≤ p ≤ 2k.
Then the magnetic polarization form B = ω(p/2), whose components are given by
Bi1...ip = qm
p!
2p/2
ω[i1i2 . . . ωip−1ip], (78)
solves (27) and (32). Hence the geometry (3) with lapse function obtained from equations (17) and
(30) and field strength (24) corresponding to the above B, solves the equations of motion.
Electric Einstein-Ka¨hler black hole: the same construction works with electric fields. Con-
sider again a theory with an even p-form, but with 4 ≤ p ≤ 2k + 2. We can take as electric
polarization form E = ω(p/2−1), whose components are given by
Ei1...ip−2 = qe
(p− 2)!
2p/2−1
ω[i1i2 . . . ωip−3ip−2], (79)
that solves both (27) and (32), and we obtain a solution with metric (3), (17) and (30), and field
strength (24) corresponding to the above E .
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Dyonic Einstein-Ka¨hler black holes: by superposing the previous electric and magnetic solu-
tions, we easily obtain dyonic solutions both electrically and magnetically charged under a p-form
field strength such that 4 ≤ p ≤ n+ 1.
Direct products of Einstein-Ka¨hler spaces: in the previous section, we explained how to
construct more general solutions when H is a product of Einstein spaces. The same procedure can
be carried out for products of Einstein-Ka¨hler spaces, taking advantage of the various harmonic
forms living on them. Observe that the direct product of Ka¨hler spaces is itself a Ka¨hler space,
whose Ka¨hler form is given by the direct sum of the Ka¨hler forms of the single factors. Therefore,
for such an H, solutions exist with the magnetic and electric polarizations given by (78) and (79)
respectively. However, if the cohomology group of H allows it, more general fluxes can be built.
Indeed, having at hand isotropic and harmonic forms on the single factors of H allows to gen-
eralize the procedure we used to construct solutions with composite fluxes on products of Einstein
spaces. All we have to do is to build the fields using the ω(k) forms on the single products instead
of the volume forms. Very briefly, here is how it works.
Let H = K(1)×· · ·×K(N) be an Einstein space formed by the direct product of N d-dimensional
Ka¨hler spaces K(a) with associated Ka¨hler forms ωˆ(a), and an even rank p-form field strength. Let
ωˆ(a) be the Ka¨hler form on K(a). As before, we build the rank 2m harmonic forms ωˆ(a,m) on K(a)
as the m-fold exterior product of ωˆ(a) with itself.
If 2 ≤ p ≤ d, we can endow H with equal magnetic fluxes through each of the single Ka¨hler
factors,
B[p] = qm
N∑
a=1
±ωˆ(a,p/2). (80)
When 4 ≤ p ≤ d+ 2 we obtain the electric counterpart of these solutions by taking
E[p−2] = qe
N∑
a=1
±ωˆ(a,p/2−1). (81)
It is easy to show that these are isotropic harmonic forms on H as required, and the corresponding
metric (3), (17) is obtained as usual.
More general solutions can be obtained using ‘composite fluxes’, as was done for Einstein
space products, by decomposing the polarization forms into wedge products of harmonic forms
and making the result isotropic by summing over all possible permutations. Rather than giving
coumbersome general formulas, we shall illustrate it using a simple example in D = 10, that can
be easily reproduced in higher dimensions. Suppose H = K(1) × K(2) is the direct product of two
four dimensional Einstein-Ka¨hler spaces, with Ka¨hler forms ωˆ(1) and ωˆ(2) respectively. Then, we
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have the following possibilities for the fluxes,
p = 2 : B = ωˆ(1) ± ωˆ(2)
p = 4 : B = ωˆ(1)∧ ωˆ(2)
B = ωˆ(1)∧ ωˆ(1) ± ωˆ(2)∧ ωˆ(2)
p = 6 : B = ωˆ(1)∧ ωˆ(1)∧ ωˆ(2) ± ωˆ(1)∧ ωˆ(2)∧ ωˆ(2)
p = 8 : B = ωˆ(1)∧ ωˆ(1)∧ ωˆ(2)∧ ωˆ(2)
(82)
Arbitrary linear combinations are possible in the p = 4 case, the solution (78) built out of the
Ka¨hler form of H being one,
B =
(
ωˆ(1) + ωˆ(2)
)
∧
(
ωˆ(1) + ωˆ(2)
)
. (83)
The possible electric fluxes are obtained in a similar way.
A second example, with D = 14 and H = K(1) × K(2) × K(3), the three factors being four
dimensional Einstein-Ka¨hler spaces, presents the following possibilities,
p = 2 : B = ωˆ(1) + ωˆ(2) + ωˆ(3)
p = 4 : B = ωˆ(1)∧ ωˆ(2) + ωˆ(2)∧ ωˆ(3) + ωˆ(3)∧ ωˆ(1)
B = ωˆ(1)∧ ωˆ(1) + ωˆ(2)∧ ωˆ(2) + ωˆ(3)∧ ωˆ(3)
p = 6 : B = ωˆ(1)∧ ωˆ(2)∧ ωˆ(3)
B = ωˆ(1)∧ ωˆ(1)∧ ωˆ(2) + ωˆ(2)∧ ωˆ(2)∧ ωˆ(3) + ωˆ(3)∧ ωˆ(3)∧ ωˆ(1)
p = 8 : B = ωˆ(1)∧ ωˆ(1)∧ ωˆ(2)∧ ωˆ(3) + ωˆ(2)∧ ωˆ(2)∧ ωˆ(3)∧ ωˆ(1) + ωˆ(3)∧ ωˆ(3)∧ ωˆ(1)∧ ωˆ(2)
B = ωˆ(1)∧ ωˆ(1)∧ ωˆ(2)∧ ωˆ(2) + ωˆ(2)∧ ωˆ(2)∧ ωˆ(3)∧ ωˆ(3) + ωˆ(3)∧ ωˆ(3)∧ ωˆ(1)∧ ωˆ(1)
p = 10 : B = ωˆ(1)∧ ωˆ(1)∧ ωˆ(2)∧ ωˆ(2)∧ ωˆ(3) + ωˆ(2)∧ ωˆ(2)∧ ωˆ(3)∧ ωˆ(3)∧ ωˆ(1)
+ωˆ(3)∧ ωˆ(3)∧ ωˆ(1)∧ ωˆ(1)∧ ωˆ(2)
p = 12 : B = ωˆ(1)∧ ωˆ(1)∧ ωˆ(2)∧ ωˆ(2)∧ ωˆ(3)∧ ωˆ(3).
(84)
The generalization to arbitrary products of Einstein-Ka¨hler spaces is obvious. The interested reader
could build more explicit examples out of the Fubiny-Study metric on CPn or the Bergman metric
on unit complex balls.
5 Shaping black holes with multiple free fields
Consider a theory with two or more free p-form field strengths, possibly of different ranks. The
total stress tensor is now the sum of the stress tensors of the single fields, and it can assume the
form (12) even if the single fields break isotropy. Each field can be decomposed according to (24)
into an electric and a magnetic part, that independently solve equations (26) and (27). Then, once
the isotropy condition is verified by the full stress tensor, the function ǫ(r) is simply the sum of the
contributions of the single terms, and therefore V (r) receives simple additive contributions. In the
following, we will show how this can be easily achieved by accurately polarizing all fields.
The simplest way to enforce the isotropy condition is to have each field verifying independently
equation (32) or (33), in which case we can trivially superpose any two (or more) single field
solutions.
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Superposition principle: an example. Consider a theory with a two-form F[2] and a (n+1)-
form H[n+1]. Turning off the two-form we have the magnetic p = n + 1 solution of the previous
paragraph, while in absence of the H field we obtain the electric p = 2 solution. We can superpose
these fields, and obtain black hole solutions electrically charged under F and magnetically charged
under H,
V = κ− r
n
0
rn
+
r2
ℓ2
+
q2e + q
2
m
2n(n+ 1)r2n
, (85)
Ftr =
qe
rn+1
, Hi1...in+1 = qmǫˆi1...in+1 . (86)
In particular, since the electric components of a two-form have no legs in H, such an electric charge
can be added to all the solutions that we present in this article, although we will not always display
it explicitly.
More generally, when the rank p of a form field does not match the dimension of H, it will
automatically introduce some privileged directions in H, and its stress tensor will not be of the
form (12). However, it is possible to take multiple copies of the field and orient them in such a way
that the full stress tensor of the combined fields is in the correct form, as we show next. While this
construction might in principle work with curved Einstein spaces, it requires to find all harmonic
forms on them, a challenging enterprise. We will limit the analysis of such solutions in the following
sections to flat H.
Isotropy from multiple fields on Rn+1: the magnetic case. Suppose 1 ≤ p ≤ n+1, and let
Eai be an orthonormal basis of dual vector fields on R
n+1. Here the index a = 1, . . . n + 1 labels
these vectors, that collectively form a vielbein Ea = Eai dy
i. By definition, we have the relations
σijEaiE
b
j = δ
ab and σij = δabE
a
iE
b
j. Consider now the magnetic part of a p form field strength
H[p]. It has p legs, and it is not possible to turn on some flux on H without breaking isotropy.
However, one can build a stress tensor of the form (12) out of
Nb =
(n+ 1)!
p!(n− p+ 1)! (87)
independent free p-form fields, whose legs are distributed in such a way that the total stress tensor,
being the sum of the stress tensors of the single fields, recovers isotropy and is of the form (12). The
construction goes as follows. We can label the single field with an ordered set {a} = {a1, . . . , ap}
of integers such that 1 ≤ a1 < . . . < ap ≤ n + 1. These integers define the directions in which the
legs of the corresponding field lie, according to8
B{a1,...,ap}i1...ip = qmp!Ea1 [i1 · · ·Eap ip]. (88)
This tensor satisfies trivially (27) with a flat induced metric on H. Then, the contraction
B{a}ik2...kpB
{a}
j
k2...kp = q2m(p− 1)!
p∑
l=1
Eal iE
al
j (89)
8In the language of differential forms, B{a} = qmE
a1 ∧ . . . ∧ Eap .
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becomes isotropic once the sum over all field labels {a} is performed,
∑
{a}
B{a}ik2...kpB
{a}
j
k2...kp = q2m
n!
(n− p+ 1)!σij . (90)
It follows then that the stress tensor assumes the isotropic form (12) with
ǫ(r) =
(n+ 1)!
2p!(n − p+ 1)!
q2m
r2p−n−1
, P (r) =
n!(2p− n− 1)
2p!(n− p+ 1)!
q2m
r2p−n−1
, (91)
and the lapse function becomes (a logarithm appears when 2p = n+ 2),
V (r) = −r
n
0
rn
+
r2
ℓ2
+
n!
2p!(n − p+ 1)!(2p − n− 2)
q2m
r2p−2
, (92)
since for a flat H we have κ = 0. When p = n+1 we have one single magnetic field and we recover
the result (35) in the particular κ = 0 case, for which H = Rn+1.
A particularly interesting case comes about for p = 1. The corresponding solutions display
n + 1 scalar fields φ(i), one for each coordinate of the flat transverse space, and the r-dependence
drops from the extra contribution in the lapse function due to the charges. As a result we have the
solution,
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2
n+1∑
i=1
(
dyi
)2
, V (r) = −q
2
m
2n
− r
n
0
rn
+
r2
ℓ2
, φ(i) = qmy
i, (93)
describing an AdS black hole with flat horizon, but with a lapse function of the form usually
associated to black holes with an hyperbolic horizon [20], with an effective κeff = −q2m/2n < 0.
Now, noticing that the scalar fields enter the action only through their derivatives and therefore
enjoy a shift symmetry, one can argue that these scalar fields are only defined up to a constant.
This is the scalar analogue of the gauge invariance of the p-form fields. In this case, one can
compactify the horizon to a (n + 1)-dimensional torus, because the discontinuities of the scalars
on the identifications can be gauged away using their shift symmetry. This yields asymptotically
locally AdS black holes with a toroidal horizon dressed by scalar fields, and – in four dimensions,
where these scalars are axions – it is precisely the axionic black hole that we will analyze in the
the next section. Finally, we will come back on the question of the shift symmetry of the scalars
in the concluding section of the article.
Isotropy from multiple fields on Rn+1: the electric case. The same construction can be
carried out in the electric case, yielding the dual solution to the previous one. Suppose 3 ≤ p ≤ n+3,
and the matter sector of the theory has
Ne =
(n+ 1)!
(p − 2)!(n − p+ 3)! (94)
p-form field strengths. Labeling the fields with an ordered set {a} = {a1, . . . , ap−2} of integers such
that 1 ≤ a1 < . . . < ap−2 ≤ n+ 1 as before, we can define the electric polarization vectors
E{a1,...,ap−2}i1...ip−2 = qe(p− 2)!Ea1 [i1 · · ·Eap−2 ip−2]. (95)
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Then, the contraction
E{a}ik2...kp−2E
{a}
j
k2...kp−2 = q2e(p − 3)!
p−2∑
l=1
Eal iE
al
j (96)
becomes isotropic once the sum over all field labels {a} is performed,
∑
{a}
E{a}ik2...kpE
{a}
j
k2...kp = q2e
n!
(n− p+ 3)!σij . (97)
It follows then that the stress tensor assumes the isotropic form (12) with
ǫ(r) =
(n+ 1)!
2(p − 2)!(n − p+ 3)!
q2e
rn−2p+5
, P (r) =
n!(n− 2p + 5)
2(p− 2)!(n − p+ 3)!
q2e
rn−2p+5
, (98)
and the lapse function becomes (a logarithm appears when 2p = n+ 4),
V (r) = −r
n
0
rn
+
r2
ℓ2
+
n!
2(p − 2)!(n − p+ 3)!(n − 2p+ 4)
q2e
r2n−2p+4
, (99)
since for a flat H we have κ = 0. When p = n+3 we have one single electric field and we recover the
result (38) in the particular κ = 0 case, for which H = Rn+1. Finally, for p = n+2 we retrieve the
dual solution to the black hole with n + 1 ‘magnetic’ scalar fields (93) of the previous paragraph,
with the metric determined by the function
V (r) = − q
2
e
2n
− r
n
0
rn
+
r2
ℓ2
, (100)
Again, the resulting spacetime defines an AdS black hole with flat horizon, but with a lapse function
of the form usually associated to hyperbolic black holes, with an effective κeff = −q2e/2n < 0.
More generally, the electromagnetic duality links the solution with electric p-forms H
{a}
[p] with
polarizations (95) to the solution obtained in the previous paragraph, with magnetic p⋆-forms
H[p⋆] = ⋆H[p] polarized according to (88) with qe = qm, where p⋆ = n + 3 − p. It can be easily
checked that the number of fields match, i.e. Ne(n, p) = Nm(n, p⋆).
Dyonic solutions on Rn+1 with 3 ≤ p ≤ n + 1. For this range of p, we have obtained both a
magnetic solution with Nb fields and an electric solution with Ne fields. Using the superposition
principle we can have both electric and magnetic fluxes. Consider for example Nb + Ne p-form
fields, the first Nb of the form (88) and the rest of the form (95). Then we have a solution with
V (r) = −r
n
0
rn
+
r2
ℓ2
+
n!
2p!(n − p+ 1)!(2p − n− 2)
q2m
r2p−2
+
n!
2(p − 2)!(n − p+ 3)!(n − 2p+ 4)
q2e
r2n−2p+4
.
(101)
A particularly interesting case arises when 2p = n + 3. In this case the number N of electric and
magnetic fluxes we need coincide,
N = Nb = Ne =
(2p − 2)!
p!(p − 2)! , (102)
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and count the number of ways one can pick p− 2 indices out of 2p − 2 = n+ 1. We can therefore
consider N fields with both electric and magnetic parts turned on. We take one field for every
choice of p − 2 indices out of n + 1, and we put the electric legs along those directions, and the
magnetic ones in the remaining p. The explicit form of the field polarizations, if we label them
again with ordered sets {a} of p− 2 integers, is given by
E{a1,...,ap−2}i1...ip−2 = qe(p− 2)!Ea1 [i1 · · ·Eap−2 ip−2], B
{a1,...,ap−2}
i1...ip
= qmε
a1...ap−2b1...bpEb1 [i1 · · ·Ebp ip].
(103)
where εa1...an+1 is the totally antisymmetric tensor with components 0, ±1 according to the sign of
the permutation of the indices, and a sum over the repeated bi indices is understood. The resulting
spacetime has
V (r) = −r
n
0
rn
+
r2
ℓ2
+
N
2(n + 1)
q2e + q
2
m
rn+1
, (104)
with the field components given by
H
{a}
tri1...ip−2
=
1
r2
E{a}i1...ip−2 , H
{a}
i1...ip
= B{a}i1...ip . (105)
When p is odd, this solution is anti-self-dual when qe = qm, and self-dual for qe = −qm.
Note that these black holes generalize the dyonic Reissner-Nordstrom-AdS solution in four
dimensions. The latter, given in (37), is indeed recovered by setting n = 1 and p = 2 in the
previous expressions.
In terms of forms they assume a particularly simple expression. Define Ea = Eaidy
i. Then
H{a} =
qe
r2
dt∧dr∧Ea1∧ . . .∧Eap−2 + 1
p!
qmε
a1...ap−2b1...bpEb1∧ . . .∧Ebp . (106)
Moreover, choosing cartesian coordinates on H, such that σij = δij , we can choose a gauge in which
Ea = dya. For illustrative purposes, we present the six dimensional case, for which n = p = 3. We
need in this case N = 4 three-form fields. The dyonic solution is then given by
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2
4∑
i=1
(dyi)2, V (r) = −r
3
0
r3
+
r2
ℓ2
+
q2e + q
2
m
2r4
, (107)
H{1} =
qe
r2
dt∧dr∧dy1 + qm dy2∧dy3∧dy4, H{2} = qe
r2
dt∧dr∧dy2 + qm dy3∧dy4∧dy1,
H{3} =
qe
r2
dt∧dr∧dy3 + qm dy4∧dy1∧dy2, H{4} = qe
r2
dt∧dr∧dy4 + qm dy1∧dy2∧dy3,
and is self-dual when qe = −qm, anti-selfdual when qe = qm.
This spacetime contains a black hole with an electric and magnetic three-form charge dressing.
The solution has similar structure to the planar six dimensional Reissner-Nordstrom black hole,
although here the three-form has a slower fall off in the radial coordinate r, (r−4 rather than an
r−6). The inverse temperature is given by,
β =
4π
|V ′(rh)| =
8πℓ2r5h
10r6h − (q2e + q2m)ℓ2
(108)
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The solution is a regular black hole with an inner Cauchy horizon and an outer event horizon as long
as, r30 ≤ 3(q
2
e+q
2
m)
5rh
. This bound is saturated for the extremal black hole with r3h,ext = (q
2
e + q
2
m)ℓ
2/10.
Obviously, this procedure can be generalized to superpose multiple forms of ranks ranging from
3 to n + 1. This allows to shape the lapse function with an even power series ranging from r2 to
1/r2n,
V (r) = −r
n
0
rn
+
r2
ℓ2
+
n∑
m=1
cm
r2m
, (109)
the cm being constants determined by the charges. Additional log r terms can appear for forms
verifying 2p = n+ 2 or 2p = n+ 4.
6 Axionic black holes and their extensions
In this section we will briefly revisit the case of black holes with a three form dressing encountered in
the previous section. We shall focus on the four dimensional case since this corresponds precisely
to an axionic black hole. This, to our knowledge, is the first static black hole in the literature
presenting non-trivial axionic charge. Solutions of Einstein’s equations in presence of these fields
were explored for the first time in [35] and [7] but in the first case the charge was zero whereas in
the second case the solutions were singular.
Consider the toroidal black hole,
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2(dx2 + dy2), (110)
dressed with two constant electric three-forms,
H(1) = qedt ∧ dr ∧ dx, H(2) = qedt ∧ dr ∧ dy, (111)
and resulting lapse function,
V (r) = −q
2
e
2
+
r2
ℓ2
− r0
r
. (112)
As noted above (100) the constant axionic charge qe is associated to a would be horizon curvature
term (the charge can be magnetic and related to (axionic) scalars (93)). Just like for black holes
with hyperbolic horizons, we have to consider a negative cosmological constant in order to avoid a
naked singularity at r = 0. Therefore, we have at hand an asymptotically locally AdS black hole
with a planar horizon whose axionic charges render its properties similar to those of the uncharged
hyperbolic black hole (see for example [36]).
For a start the inverse temperature reads,
β =
4π
|V ′(rh)| =
4πℓ2rh
3r2h − 12q2eℓ2
, (113)
where we have replaced the mass parameter r0 = rh
(
r2
h
ℓ2
− 12q2e
)
by the outermost root of the lapse
function, the event horizon at r = rh. Recall that in a Reissner-Nordstrom spacetime (planar
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or spherical) switching off the mass parameter yields a singular spacetime. In fact, beyond the
extremal bound Reissner-Nordstrom spacetimes are always singular. The effect of the axionic
charges is quite different. For a start setting r0 = 0 the axion solution is still a regular black hole
with a horizon at rh =
qel√
2
and a curvature singularity at r = 0. The event horizon is supported by
the axionic charges providing the necessary scale to form the horizon. Again, just like for hyperbolic
black holes, for negative mass, r0 < 0, we have an inner Cauchy horizon with an extremal black
hole attained for mass parameter,
rext0 = −
|qe|3ℓ
3
√
6
, (114)
and unique event horizon at rext =
|qe|ℓ√
6
. In other words for rext0 < r0 < 0 we have a regular black
hole with an inner Cauchy horizon and an outer event horizon. Hence the axion fields permit not
only smaller r0 black holes, but also negative mass planar black holes, a possibility that is usually
associated to hyperbolic horizons in vacuum AdS. In fact, the bigger the axionic charge, the bigger
in magnitude the negative mass black hole that spacetime can support. Actually, we can go a bit
further and now add a Maxwell field carrying an electromagnetic charge, say Q, to our axionic
black hole,
V (r) = −q
2
e
2
+
r2
ℓ2
− r0
r
+
Q2
r2
. (115)
We see immediately that adding axionic charges to a planar Reissner-Nordstrom black hole can lead
to permissible smaller mass black holes. To check this, we can even switch off the mass parameter
r0. The lapse function then reads,
V (r) = −q
2
e
2
+
r2
ℓ2
+
Q2
r2
, (116)
and this spacetime can have two horizons, an inner Cauchy horizon and an outer event horizon at
r2h =
q2eℓ
2 ±√q4eℓ4 − 16Q2ℓ2
4
, (117)
as long as the axionic charge is such that q2e ≥ 4|Q|ℓ . There is an extremal black hole for rh = |qe|ℓ2 .
Adding mass does not change these results qualitatively since the mass term r0 also acts as a
regulating term. The same properties hold in higher dimension as long as p = n + 2, hence four-
forms black holes in five dimensional spacetime etc. In a nutshell, axionic charges operate as a
negative curvature term and have the tendency to regularize the geometry of spacetime.
Another interesting solution is obtained by Wick rotation of the above metric (112). Let us
consider the following imaginary transformation t → iθ, x → −iτ , qe → iqs. The transformed
metric has again real components and reads,
ds2 = V (r)dθ2 +
dr2
V (r)
+ r2(−dτ2 + dy2) (118)
with lapse function V (r) = q
2
s
2 +
r2
ℓ2
− r0r . The r coordinate has range, rh ≤ r and the metric has
now an axial Killing vector ∂θ with the axis at r = rh. The azimuthal angle θ has a deficit angle
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∆ = 2π(1−β) provided via the conical singularity9 at r = rh (113). This wedge is accounted for by
the presence of an infinitesimally thin cosmic string whose worldsheet lies on the r = rh two-plane
defined by V (rh) = 0 (see for example [37]). The core of the string is sourced by a distributional
energy-momentum tensor Tµ
ν = −δ(2)Tδµν of string tension T = ∆8πG . The axionic scalars (dual to
the two three-form fields) combine into a time dependent single complex field, Φ = qs(τ + iy) with
charge qs running along the string direction, in this way we get a solution of the following action
S =
1
16πG
∫
d4x
√−g
(
R− 2Λ− 1
2
∂µΦ∂
µΦ∗
)
. (119)
Note here that the axionic charge has changed overall sign in the lapse function and as a result we
can have flat, de Sitter or anti-de Sitter asymptotic geometries. Focusing on the Λ = 0 case we find
that the string tension is,
T =
q4s − 16πr0
4Gq4s
(120)
Global, unlike local strings, have long range interactions due to the presence, at low energy scales,
of an axionic field related to the remnant Goldstone boson [37]. The gravitational field of straight
global strings, as the one pictured in (118), has been argued to be singular [38]. However, if one
allows for the strings to intrinsically inflate – quite like domain wall spacetimes [39] – Gregory [40]
elegantly argued that the singularity may be swept away. One is tempted to interpret this metric
in relation to the far off gravitational field of a global string but this to our understanding is a quite
separate and non trivial question going beyond the scope of this paper.
Finally, we would like to point out another simple generalization of the black holes presented
in this article. Switching to Eddington-Finkelstein coordinates, the axionic black hole reads
ds2 = −V (r)du2 − 2drdu+ r2 (dx2 + dy2) , (121)
H(1) = qedu ∧ dr ∧ dx, H(2) = qedu ∧ dr ∧ dy,
with the lapse function V (r) still given by (112). Dropping the stationarity hypothesis and adding
some external matter sourcing a null stress tensor T extuu = µ(u, r)/8πG, and enhancing r0 = r0(u)
to an arbitrary function of the retarded (or anticipated) coordinate u, one obtains a Vaidya type
solution [41] representing a radiating axionic black hole as long as
µ(u, r) = −∂ur0
r2
(122)
is verified. In four dimensions, the null stress tensor T extuu can be generated by a Maxwell field F[2],
but such radiating solutions can be easily build for any other black hole presented here.
9By a convenient identification of the θ coordinate we can always do away with one conical singularity but here
we keep it in order to account for the cosmic string.
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7 Thermodynamical properties and phases of the black holes
In the previous sections, we constructed a large class of black holes dressed by one or more p-form
fields. They are solution of the following action,
S = S0 +
D∑
p=1
Np∑
k=1
S
(p,k)
M , (123)
where S0 is the Einstein-Hilbert action with cosmological constant given in (19), Np is the number
of p-form fields H
(k)
[p] , and the matter sector consists in the sum of the single free field contributions
of the form (20),
S
(p,k)
M = −
1
16πG
∫
M
dDx
√−g 1
2p!
(
H
(k)
[p]
)2
. (124)
We have shown that static solutions of such theories have a metric of the form (3) with lapse
function (17) determined by
ǫ(r) =
∑
p,k
ǫ(p,k)(r), ǫ(p,k)(r) =
E(k)2[p−2]
2(p − 2)!rn−2p+5 +
B(k)2[p]
2p!r2p−n−1
, (125)
as a consequence of the superposition principle previously discussed. Hence the full expression for
the black hole potential is,
V (r) = κ− r
n
0
rn
+
r2
ℓ2
+
1
2(n+ 1)
∑
p,k

 E
(k)2
[p−2]
(p− 2)!(n − 2p+ 4)r2(n−p+2) +
B(k)2[p]
p!(2p − n− 2)r2(p−1)

 . (126)
In order to simplify the discussion, we have omitted the logarithmic terms appearing when 2p = n+4
and 2p = n + 2 in an odd dimensional spacetime. The reader can easily reintroduce them when
needed. The shape of the electric part of this series ranges from 1/r2n when p = 2 to r2 when
p = n+ 3, like the cosmological constant term. As for the magnetic part it ranges from 1/r0 when
p = 1, like the curvature term, to 1/r2n when p = n+ 1.
If r0 is large enough, the function (126) will always have at least one positive root. Let us call
rh the largest of these roots. The solution will then exhibit an event horizon located at r = rh,
and the spacetime will contain a black hole. Its temperature, proportional to surface gravity of its
outermost horizon, is given by
T =
|V ′(rh)|
4π
=
nκ
4πrh
+
(n + 2)rh
4πℓ2
− 1
8π(n + 1)
∑
p,k

 E
(k)2
[p−2]
(p− 2)!r2n−2p+5h
+
B(k)2[p]
p!r2p−1h

 . (127)
For reasons of clarity, we will now focus our attention on the electric case and we turn on all
rank p fields strengths that satisfy 2p ≤ n+ 3. When this inequality holds, the corresponding field
strength vanishes at spatial infinity and allows to obtain finite thermodynamical potentials after
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background subtraction, as we shall shortly see. As a result, we associate a rank p − 1 electric
potential form to each p-form field by H
(k)
[p] = dA
(k)
[p−1]. A possible choice is
A(k)ti1...ip−2 = Φ
(k)
i1...ip−2
+
1
(n − 2p + 4)rn−2p+4E
(k)
i1...ip−2
. (128)
Here Φ
(k)
i1...ip−2
provides the value of the electric potential at spatial infinity. Then, we fix the gauge
by imposing that the electric potentials vanish on the outermost horizon rh by taking
Φ
(k)
i1...ip−2
= − 1
(n− 2p+ 4)rn−2p+4h
E(k)i1...ip−2 , (129)
Equivalently, one can ask for the regularity of the scalar quantity
(
A(k)[p−1]
)2
on the horizon, as first
discussed in [44] for the electromagnetic case (p = 2). In our restricted case we find,
T =
nκ
4πrh
+
(n+ 2)rh
4πl2
− 1
8π(n+ 1)
∑
p,k
(n− 2p+ 4)2r3−2ph
(
Φ
(k)
[p−2]
)2
(p− 2)! . (130)
In the grand canonical ensemble, rh = rh(M,Φ
(k)
[p−2]) is understood to be a function of the mass M
and the potentials Φ
(k)
[p−2] of the solution. The shape of the temperature function is determined by
the sum of odd powers of rh, ranging from 1/rh when p = 2, contributing to the curvature term, to
1/r2n+3h when p = n+3. An important consequence of this is that the only way to have two branches
of black holes, small and large ones as for Reissner-Nordstrom-AdS black holes, is to consider a
horizon of positive scalar curvature. In this case we expect phase transitions between these families.
For instance a rich phase diagram for the electromagnetic case (p = 2) with spherical horizon is
well known, similar to the Van der Waals-Maxwell liquid-gas system [42]. On the other hand, black
holes with flat horizons, although they can have an hyperbolic-like lapse function (κ = −1), do not
undergo any phase transition.
Free energy: The free energy of these black holes can be evaluated using the path integral
approach of [43, 44], in which the partition function in some thermodynamical ensemble is identified
with the saddle point approximation of the Euclidean path integral, with the boundary conditions
corresponding to the ensemble. Specifically, here we will analyze the black holes in the grand
canonical ensemble, in which the electric potentials of the form fields are kept constant. The
Euclidean section of the solutions with metric (3) and (126), obtained by a Wick rotation, has a
bolt at the largest root of V (r). To avoid the associated conical singularity, and make the manifold
regular, we identify the Euclidean time with period β = 1/T , where T is the temperature, given
by (130).
Boundary conditions, or equivalently the choice of the thermodynamical ensemble, dictate the
boundary terms that must be added to the action functional in order to make the variational
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principle well-posed. As usual, the gravitational action must be supplemented with the Gibbons-
Hawking surface term, SE = −S − SGH , with
SGH =
1
8πG
∫
∂M
K. (131)
Here, K is the trace of the extrinsic curvature of the boundary ∂M of the spacetime. This surface
term is necessary if we allow variations of the metric for which only the induced metric on the
boundary is held fixed in order to establish the Einstein equation. On the other hand, there is
no boundary term for the matter sector since this part is well defined when keeping the electric
potentials fixed on the boundary. Indeed, the general variation for the matter action for a general
p-form field reads,
δSM = − 2
(p− 1)!
∫
M
dDx
√−g∇BHBA1...Ap−1δAA1...Ap−1+
2
(p− 1)!
∫
∂M
nBH
BA1...Ap−1δAA1...Ap−1 ,
(132)
where nA is the unit normal to the boundary and the natural volume element on ∂M is understood.
Hence, this action gives a well-posed variational principle for the grand canonical ensemble.
However, the Euclidean action SE evaluated on a solution is typically not well-defined, as the
integral is formally divergent. To extract its finite, physical value, we shall use the background
subtraction technique, in which physical quantities are computed relatively to some reference back-
ground M0. We regularize the action by integrating over a finite spacetime region with boundary
∂M, and subtracting the Euclidean action evaluated on a finite region ofM0, chosen such that the
induced metric and electric potentials on the boundary of M0 coincide with those on ∂M. Then,
the cutoff can be safely eliminated, by taking the limit in which the boundary ∂M is sent to spatial
infinity.
Since we are working in the grand-canonical ensemble, the choice of the reference background
must be such that both its temperature and its electric potentials can be matched to the respective
ones of the configurations under scrutiny. A good candidate is the Euclidean AdS vacuum with
constant electric potentials Φ
(k)
[p−2]. Indeed, this instanton is regular and contains no conical singu-
larity; it can hence be assigned any periodicity β in Euclidean time. Then, the Gibbs potential G
is determined by,
βG = SE −S0E =
βVH
16πG

κrnh − r
n+2
h
ℓ2
+
1
2(n + 1)
∑
p,k
(3− 2p)(n− 2p + 4)rn−2p+4h
Φ
(k)2
[p−2]
(p− 2)!

 , (133)
where the expotent 0 denotes the background and VH is the (possibly diverging) area of the Rie-
mannian manifold H. It is then straightforward to, assuming the first law of thermodynamics,
δM = TδS −
∑
p,k
1
(p− 2)!Φ
(k)
i1...ip−2
δQ
i1...ip−2
(k) , (134)
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to obtain the entropy, the brane charges and the mass of the black hole,
S = − ∂G
∂T
∣∣∣∣
{Φ(k)
[p−2]
}p,k
=
VH
4G
rn+1h ,
Q
i1...ip−2
(k) = (p − 2)!
∂G
∂Φ
(k)
i1...ip−2
∣∣∣∣∣∣{
T,Φ
(k′)
i′
1
...i′
p′−2
6=Φ(k)i1...ip−2
} = VH16πGE
i1...ip−2
(k) , (135)
M = G+ TS −
∑
p,k
1
(p − 2)!Q
i1...ip−2
(k) Φ
(k)
i1...ip−2
=
VH
16πG
(n+ 1)rn0 . (136)
It can be readily checked that the entropy is proportional to one quarter of the horizon area in
geometrized units and that the mass agrees with the expected one from an asymptotic analysis
of the geometry. As for the brane-charge it is simply proportional by the electric polarization E .
We will end this section by rederiving these results using the Hamiltonian approach, putting these
definitions of the charges on a firm ground.
Hamiltonian approach: In this paragraph we propose to recover the previous results by a
Hamiltonian approach [45, 46] to emphasize that brane charges are quantities coming from the
boundary of M at spatial infinity. The first step in this formalism is a breakup of the spacetime
M into space and time. We assume that there is a diffeomorphism φ : M→ Σ × I, I ⊂ R, such
that the submanifolds Σt = φ
−1 (Σ× {t}) are spacelike and the curves φ−1 ({x} × I) are timelike.
A tangent vector tµ to these curves can be decomposed as usual into tµ = Nnµ +Nµ, where nµ is
the unit normal to the surface Σt, N is the lapse function and N
µ is the shift vector. This split
induces a decomposition of the boundary of M into an initial and a final spacelike hypersurfaces
Σti and Σtf and a timelike boundary
D−1B with unit normal vector uµ. This timelike boundary
will eventually be sent at spatial infinity. Moreover, we denote by B the boundary of Σt and
we require10 uµnµ = 0 on
D−1B. The induced metric on Σt and B are hµν = gµν + nµnν and
sµν = hµν − uµuν respectively. Then, we start with the action
S′ = α
∫
M
dDx
√−g
[
R− 2Λ− κ
p!
H2[p]
]
+ 2α
∫
∂M
K (137)
which provides a well-defined variational problem where only the induced metric and the potential
are fixed on the boundary ∂M. After that we follow the standard procedure [45, 48] to derive the
Hamiltonian formulation for this theory. The momenta canonically conjugate to the spatial metric
hµν and to the potential A[p−1] are
πµνG = α
√
h (Kµν −Khµν) , πµ2...µpH =
2κα
√
h
(p− 1)! (nµ1H
µ1µ2...µp)‖ , (138)
where Kµν = hµ
ρ∇ρnν is the extrinsic curvature of Σt and the symbol ‖ denotes the projection
operator on Σt. Indeed, we can view h
ν
µ as the projection of the tangent space of M at p on
10The reader can find in [47] the case where this orthogonality condition is dropped.
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the tangent space of Σt at p; similarly T
µ1...µk
‖ ν1...νl = h
µ1
ρ1 h
µk
ρkh
σ1
ν1 . . . h
σl
νl
T ρ1...ρkσ1...σl for any
spacetime tensor T µ1...µkν1...νl . The resulting Hamiltonian is,
H =
∫
Σt
√
h
(
NC +NµCµ + t
µ1Aµ1µ2...µp−1C
µ2...µp−1
)
dD−1x
+
∫
B
√
s
(
−2αNk + 2Nµuν πGµν√
h
+ (p− 1)π
µ2...µp
H√
h
tµ1Aµ1µ3...µpuµ2
)
dD−2x, (139)
where the constraints – that have to vanish on-shell – reduce to the field equations of the theory,
C =
1
αh
(
πGµνπ
µν
G +
π2G
2−D
)
− αR(D−1) + 2αΛ + (p− 1)!
4καh
πHµ2...µpπ
µ2...µp
H
+
κα
p!
H‖µ1...µpH
µ1...µp
‖ = −2α (Gµν + Λgµν − κTµν)nµnν , (140)
Cµ = −2Dν
(
πνGµ√
h
)
+
πHµ2...µp√
h
H‖µµ2...µp = −2α (Gνρ + Λgνρ − κTνρ)h νµ nρ, (141)
Cµ2...µp−1 = −(p− 1)Dµ
(
π
µµ2...µp−1
H √
h
)
= − 2ακ
(p− 2)!
(
nµp∇µ1Hµ2...µpµ1
)
‖ , (142)
with R(D−1) the Ricci scalar of Σt. In the boundary term, k denotes the trace of the extrinsic
curvature of B given by k = sµ
νDνu
µ with Dµ the covariant derivative on Σt. We emphasize
the presence of boundary terms, necessary to make the Hamiltonian a differentiable functional,
and crucial to establish the first law of black hole mechanics. Here we have just considered the
boundary D−1B, however for black hole there is also an interior boundary due to the horizon and
consequently an additional contribution in the boundary terms as we will see below. The result
presented here agrees with [49] where the boundary terms are derived by varying the Hamiltonian.
Consequently, we can define the total energy of the solution to be the value of the on-shell Hamil-
tonian relative to the same background that we previously used with the path integral approach.
For the action (123), we find
Hcl −H0cl =
∫
B
dn+1x
√
s

−N
8πG
(
k − k0)+∑
p,k
p− 1√
h
uµ2π
µ2...µp
H
(k)
[p]
tµ1A(k)µ1µ3...µp

 , (143)
since it is sufficient to consider spacetimes with vanishing shift vector in our case. Moreover the
static slices are labelled so that N = N0 on D−1B. After that, we require
Hcl −H0cl =M +
∑
p,k
1
(p− 2)!Q
i1...ip−2
(k) Φ
(k)
i1...ip−2
, (144)
whereM defines the mass of the solution and Q
i1...ip−2
(k) is the brane-charge associated to the electric
potential Φ
(k)
i1...ip−2
. In this way we can deduce the following expressions for the mass,
M = − 1
8πG
∫
B
√
sN
(
k − k0) dn+1x, (145)
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and for the charges,
Q
i1...ip−2
(k) Φ
(k)
i1...ip−2
=
1
16πG
∫
B
√
s
(
nµ1H
µ1µ2...µp
(k)
)
‖
uµ2t
νA(k)νµ3...µpd
n+1x, (146)
of the static configurations we are interested in. In particular, for the black holes presented in this
article we find,
M =
VH
16πG
(n+ 1)rn0 , Q
i1...ip−2
(k) =
VH
16πG
E i1...ip−2(k) . (147)
Thus, we obtain a mass and brane charges in agreement with those we found previously with the
path integral method. However, in the Hamiltonian approach we did not need to assume the validity
of the first law of thermodynamics; on the contrary, introducing the extra boundary term on the
horizon, it is straightforward to show, following [50, 51] that the first law of black hole mechanics,
δM =
κH
8π
δAH −
∑
p,k
1
(p− 2)!Φ
i1...ip−2
(k) δQ
(k)
i1...ip−2
, (148)
hold, where κH and AH are the surface gravity and the area of the horizon respectively.
8 Conclusion and outlook
In this article, we found a large number of AdS black holes dressed with free scalar/p-form fields,
some of which survive even for Λ ≥ 0. Indeed, when the horizon has positive curvature, these
solutions can be continued to asymptotically locally flat/de Sitter black holes. We did not restrict
to any particular field content of the theory in our analysis, but it is important to stress that the
constructions presented here can be naturally embedded in supergravity theories admitting an AdS
vacuum, such as gauged supergravities, possibly arising from consistent Kaluza-Klein compactifi-
cations of D = 10, 11 supergravities (see for example [52] and references therein), when the matter
fields are free. Moreover, we expect these solutions to play a role in the AdS/CFT correspondence,
with the matter fields deforming the dual CFT, possibly describing some condensed matter system
when engineering the desired properties of the dual theory by shaping the lapse function V (r), as
explained in the article. We shall not comment further on this aspect, and leave the topic for future
investigations.
The geometry of the κ > 0 event horizons of the black holes found in Sections 3 and 4 deviates
from the usual round spherical metric of the Schwarzschild-Tangherlini and its (anti-)de Sitter
generalizations. In vacuum, black holes with such horizons are known to be classically unstable
[27]. It would be interesting to study how the presence of the magnetic p-form fields affect this
instability, and whether these external fields might provide a stabilization mechanism.
We also found planar AdS black holes (93) dressed with D−2 scalar fields, one for each direction
on the horizon. In section 5 we argued that the shift symmetry of these scalars entitles us to
compactify the horizon on a (D−2)-torus. The resulting configuration enjoys the planar Euclidean
symmetries on the horizon directions in addition to the time translation symmetry generated by
∂t. In other words, the change in the scalar fields induced by a isometry of the metric, say the
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translation generated by ∂x for example, is simply a shift of the field that is pure gauge, but the
physical quantities, the gradients of the scalars, remain unchanged. However, one could interpret
the scalar fields differently, at the cost of giving up on the compactification to a torus, and keeping
a black hole with an extended planar horizon. In this case, one can break the shift invariance of
the scalars at the level of the action (for example, by coupling them linearly to some extra free
scalar field that vanishes on these solutions). Then, the value assumed by the scalar field becomes a
physical observable, breaking the Euclidean symmetries generated by the isometries of H. Indeed,
any of these isometries – call ξ the Killing field generating it – while still verifying Lξgµν = 0,
changes the scalars fields since Lξφ(i) 6= 0, and is therefore not anymore a symmetry of the black
hole configuration. The only residual symmetry is the time translation symmetry. In other words,
the planar black holes dressed with scalar fields (93) are very simple examples of black holes with
only one Killing field, valid in any dimension, in the spirit of [53]. Note however that, unlike the
solutions presented in those works, here the horizon is not compact and the geometry is not globally
asymptotically AdS.
It would be interesting to see how far one can go by relaxing the static metric ansatz (3). In
particular, we believe it should be possible to add rotation to the four dimensional axionic black
holes (110)-(112), thereby dressing the rotating cylindrical black hole of [54] with two free three-
form fields (or equivalently, with two free scalar fields). This dressing should extend to the case of
Taub-NUT-AdS black holes, as well at to the AdS C-metric, or more generally, to the Pleban´ski-
Demian´ski type-D geometry [55] containing them all as particular limits. Some of those, if found,
might prove supersymmetric in their extremal limit, by embedding the solutions in N = 2, D = 4
gauged supergravity coupled to abelian vector multiplets, similarly to the BPS solutions found by
Klemm [56].
Also, generalizations of these solutions to more general matter content or different theories are
of great interest. For example, using the techniques described here, it is possible to construct four
dimensional axionic black holes of Einstein-Maxwell-AdS gravity with a conformally coupled scalar
and two axionic fields, yielding regular axionic Bekenstein black holes generalizing those of [8].
These black holes exhibit secondary hair with interesting phase transitions, and will be presented
in detail in [57]. Other possible extensions of this work deserve to be explored, such as including
free spinorial fields in the matter sector, or non-trivial couplings/potentials for the p-form fields.
While complicating the field equations, exact solutions might still be within reach, but go beyond
the scope of the present article.
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